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Abstract — This paper proposes a geometric method for solving the inverse kinematics (IK) of
redundant manipulators while satisfying the collision avoidance criterion. The proposed approach
focuses on creating an algorithm for solving the redundant inverse kinematics (RIK) of
manipulators in a known environment. Central to the method is the creation of an explicit
expression of C-free space of the manipulators by using two new notions, named "inverse
Denavit-Hartenberg (D-H) variables" and "interval function". Thus, a single optimized solution
far from the obstacles is obtained automatically by exploring in the C-free space, following the
principle of selecting the median value of the interval function preferentially. The proposed
method is demonstrated using a snake robot, the EAST Articulated Maintenance Arm (EAMA),
which is utilized in the EAST (Experimental Advanced Superconducting Tokamak) for
maintenance tasks in the vacuum vessel. C-free space of EAMA in EAST is created based on the
Obstacle Topology Partition Projection (OTPP) approach and formulated by the interval
functions. With the expression of C-free space, a single optimum solution is obtained during the
exploration that starts at the end position or pose of the extremity point Pend. Eventually, several
tip positions of EAMA are sampled to test the accuracy and correctness of the algorithm.
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Nomenclature

Configuration space

C-free space

C space obstacles
Denavit—Hartenberg convention
Experimental Advanced
Superconducting Tokamak

EAST Articulated Maintenance Arm
Interval function

Inverse kinematics

Obstacle Topology Partition
Projection

Position and oriented workspace
End position or pose of the extremity
point

Configuration of a n-dimensional
manipulator

Joint variables

Inverse DH variables

Connection point between link i—1
and link i

Redundant inverse kinematics
Remote handling

4x4 homogeneous matrix from frame
i—1 to frame i

ai, &, di and ¢ DH parameters used in the modified

DH convention

l. Introduction

In the last decade, remote handling (RH) technology
has been developed for fusion reactor maintenance
[1]-[2] and some devices have been constructed for its
application, for example, ITER, JET and EAST.

However, as most vacuum vessels are narrow and
deep, maintenance must be performed by manipulators
that have redundant joints to provide the required
dexterity. The extra DOFs can be used to avoid joint
limits and to circumvent obstacles in the workspace,
while still reaching a desired end-effector pose in the task
space [3]-[17]. Consequently, the problem of redundant
inverse kinematics (RIK) must be addressed in the
control of the redundant manipulator.

The RIK and inverse kinematics of a non-redundant
manipulator are equivalent, in the sense that they involve
calculation of solutions of the joint variables under
generic point Peqq Or the pose of the end-effector.

However, the extra DOFs make a manipulator
kinematically different from a non-redundant system.

Specifically, the RIK has an infinite number of
solutions, and evaluation criteria for system control are
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thus necessary to find the most suitable solution. The
most important criteria in solutions of the RIK are joint
limit avoidance, computational efficiency and
optimization of solutions, especially obstacle avoidance.

Many algorithms have been proposed to meet the task
requirements and solution criteria, for example the
pseudo inverse-based Jacobian method, genetic
algorithms [5]-[16], neural networks [4], algebraic
methods [6] and geometric methods [7]. The most
general algorithm for solving RIK are Jacobian pseudo
inverse-based techniques, and these are widely used to
deal with the redundancy resolution problem [8].

However, the Jacobian method has some drawbacks
such as a lack of repeatability, low computational
efficiency, and poor convergence when dealing with
coupling manipulators. Hence, some other algorithms are
proposed for improving the efficiency. The authors in [9]
proposed an approach to solve the redundancy resolution
problem in a known environment using forward
kinematics functions and neural network in the inverse
modelling manner, which also meets the requirement of
obstacle avoidance. It is generally accepted that
geometric methods are capable of finding a closed-form
single optimum solution depending upon the path in the
environment and are efficient at solving the RIK with
some criteria. L. Sardanna et al. [10] presented a
geometric approach for solving the RIK of a 4-link robot
for surgical tasks. The RIK are solved through a graphic
method, i.e., calculating intersection points between
circles of each link. Srinivas Neppalli et al. [11] treated a
redundant manipulator as a multi-section continuum
robot, and the RIK were solved based on a single
continuum section trunk. In fusion field, a geometric
approach for solving the RIK of a flexible
manipulator-EAST  Articulated Maintenance Arm
(EAMA) has been demonstrated in [12]. The authors
presented an approach named as “OTPP” for creating a
collision-free space of EAMA, and searching further in
the space to get a solved configuration far away from the
environment.

This paper focuses on formalizing and extending the
approach in [12] to solve RIK while satisfying the
collision avoidance criterion. The novelty of this paper
lies in the division of the collision-free space depending
on the links of a robot and explicitly calculating the
interval of each link, which is a function of the geometric
features of the link and the known environment.
Consequently, the RIK problem is equivalent to a
depth-first search problem. The searched solution is not
only collision-free but also guarantees safety, i.e., it stays
far from the obstacles. In particular, it is very efficient to
solve the RIK problem with surrounding organs, as
compared to other RIK algorithms.

Il. Methods

The proposed algorithm in [12] attempts to eliminate
redundancies through hybrid use of geometry and the
searching method.
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In addition, owing to the continuity mapping from
joint space to Euclidean space, the exploring process
adopts the principle of selecting the median configuration
preferentially. Therefore, the computation of the method
is based on the calculation of C-free space, after which
an optimal solution can be obtained by searching in the
solved C-free space.

I.1.

The configuration space (C-space) is the space of the
configurations of the manipulator [13]. C-space consists
of any set of generalized coordinates, and it can be
decomposed into C-space obstacles and C-free space.
C-space obstacles represent the mapping of obstacles
from Euclidean space to C-space. C-free space is defined
as the complement of the C-space obstacles.

Mathematically, let:

C-Free Space

Q=Qu(0, G- Un) = Q2 (Peng 6 Opgr-on 1) (1)
denoting the configuration of an n-dimensional
manipulator with n rigid links and n joints, where Pgq
denotes the pose and position of the end-effector of the
manipulator. g; is the generalized variable of the i-th joint
used in the modified Denavit-Hartenberg (D-H)
convention, g; and g, are the joint variables of the first
and the last joint, respectively. Another set of joint
variables 60 combined with Py, which are named as
"inverse DH variables", are introduced to describe the
kinematics structure of the manipulator in another
manner. The variable 6; is defined as the revolute angle
around axis Z; from X; to X;_; according to the right-hand
rule or displacement of two original points from frame i
to frame i—1. The definition of the two joint variables is

illustrated in Fig. 1(a), where I5:1 is the connection

point between link i—1 and link i. Clearly, 6; is equal to
—q; as shown in Fig. 1(b). Thus, the expressions of the
transformation matrices of the manipulator are:

i’}T =rot(X,a;)trans(X,a;)rot(Z,q;)trans(Z,d;) (2)

1T = (1) = (trans(Z,d;))  (rot(Z, ;)
(trans(X,a,)) *(rot(X, ;) =

= (trans(Z,d,)) "rot(Z,6,)

(trans(X,a,)) *(rot(X, ;) "

®)

where «;, &, d; and g; are the DH parameters used in the
modified DH convention. '~ is the 4x4 homogeneous

matrix from frame i-1 to frame I, and /1T is the

inverse 4x4 homogeneous matrix from frame i to frame
i—1. Moreover, the two matrices are functions of joint
variables q; and @, respectively. Recursively, the
kinematics equations are:
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T =Py = oT.."irendy (4)

| =P ((9T) 2, NIT.2IT*(3T) (5)

where T is the position and pose of end effector in the
base frame; | is the identity matrix; and e”‘f]T represents
a constant transformation matrix from the frame n to the
end effector as shown in Fig. 1(b). Eqg. (4) and Eq. (5)
reveal that kinematics structures of the manipulator can

be formulated by two kinds of joint variables: DH
variables and inverse DH variables.

T
1!1 1
(b)

Figs. 1 (a). Description of inverse DH variables (b). Inverse DH
variables of the last link

In this paper, DH variables are used instead of DH
variables for describing C space and C-free space:

C ={Q;(Png . 6) [ (Peng € Py 6 €[-Bi, -]} (6)

where ¢; and g; are the lower and upper limits

belonging to joint-i, respectively. P, represents the
position and oriented workspace of the manipulator, and
C is the C-space. Then, the other spaces can be written
as:

Ciree ={Q2(Peng 16 | Peng € Pree

_ ()
6, € f;(P_;,obstacle)}

(8)

Cobstacle =C- Cfree
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where Pge denotes a set of position and pose of end
effectors in which an end effector can reach without
collision; Ciee and Copstacle are C-free space and C space
obstacles, respectively.

The function fi(f’i_l,obstacle),i =12,.,n in Eq.
(7), which is named as “interval function (IFUN)”, is
introduced to represent legal ranges (position range of a
joint without collision) of joint-i. For the i-th revolute
joint, IFUN is a set of joint variables (inverse DH
variables) under all the collision-free states of link i1,
when the connection point between link i—1 and link i is
fixed at point F/fl .

The parameter obstacle in IFUN denotes geometrical
information of obstacles in the specific environment.

Point /,,\1 can be computed by Eq. (5) and inverse
DH variables from 6i.4 to 8,. Thus, IFUN can be written
in the form:

f; (Pi-1, obstacle) =@([eif,ei“l])ﬂ[—ﬂi,—ai] 9)

j=1

The interval [6],6)™] is the j-th subset that belongs

to the IFUN of joint i, and m; is the number of the subset.

From Eq. (7) and Eq. (9), it can be observed that the
key step of computation of C-free space is the
determination of all the subsets.

11.2. Procedure of Solving RIK with IFUN

The RIK with the obstacle avoidance criterion are
solved through exploration in C-free space, which is
executed by a procedure described below:

1. The position and pose of end effector is inputted, and

the coordinates of Igr:l in the base frame are further

calculated through the matrix *"®T in Eq. (5).

The obstacles are modelled based on their geometric
characteristic, and all the subsets when the link n—1 is

fixed at the point FTr,_\1 are calculated. IFUN fn_l(lgr:l)

can then be obtained through Eq. (9).

In order to keep far away from collision state, the
principle that selecting the median value of IFUN
preferentially is adopted to select an initial value of
the last joint. The value is substituted into Eqg. (3) to

calculate point Ignfz and further to compute

fn—z(ﬁn—\z) using the same method as in step 2.

A value from the interval fnf?_(ﬁnf\?_) is similarly

selected to calculate ﬂ;(ﬁ;) until the point 51

is obtained. Eventually, n—2 values are selected by
recursive calculation.

The n—2 values are substituted into Eq. (5), and then
it will be transformed into equations of the DH
variables 0, and 0,. If the solution exists and the first
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link does not collide with any obstacles, the RIK
problem is solved; otherwise, another n—2 value is
chosen based on the same principle as step-3, and the
procedure is repeated until a solution is found or the
maximum cycle number is met, at which point the
iteration ends. From the geometric viewpoint, the
goal of step-5 is to check the existence of the
intersection between the base and the first link. If the
first joint of the manipulator is a revolute joint, the

task of the step is to check if the point ISl is on the

circle whose centre locates at the point I30 and the

radius is the length of the first link. If the joint is a
translational one, the circle is regressed into a line, as
shown in Fig. 2.

If a solution is found, the n values are converted into
DH variables. If not, failure is reported.

Translational line <

=1

32eISqO

3j2BISqO

v
/N ?

o8 =)

¢ . A

Circleis regressed into a translational line from revolute joint to translational one

Fig. 2. Checking for the existence of the intersection of revolute and
translational joints

11.3.

A simple redundant planar robot with four DOFs is
presented to illustrate procedural considerations. The
joint limit of the robot is defined as [-90° 90°], and

C= {Q2| Pag € P, <[ -90°, 900]} . The

state of the robot is shown in Fig. 3(a), where the objects
in green are the obstacles and the object in red is the
planar robot. First, steps 1 and 2 are followed, as
depicted in Figs. 3(b) and (c). The IFUN of joint 4 is:

A Simple Example

initial

f4(Py) = [63,01N[-90°,90°] = [15°,76°]
Assuming the interval [15° 76°] is divided into 20

segments, based on the median value principle, the
selected value of 0, is:

t,) = (15°+76°)/2+ (76°-15°)xk/20  (10)

-

where t/ is the selected value of 6, at the j-th cycle.
Second, during the first cycle, the value of 6, is

—jl2,(-)' >0

: (11)
i-1)/2,(-1) <0
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chosen as 45.5°. Similarly, the IFUN of the third joint is
evaluated such that:

f5(Py) =[62, 62]N[-90°,90°] =[17°,90°]

Figs. 3(d) and (e) depict the critical collision state of
link-3 under 6, =t,' = 45.5°. Selection of 6; will also

follow the median value principle. During the j-th cycle,
tg is selected as the value of @5, and then 6, and 6, can be
calculated immediately following step-5 in section 2.2. If
no solution exists or there is a collision of the first link,
the value of 6; is changed to t* until a solution is found
or the max cycle time is reached. Eventually, a solved
configuration of the robot is found during the fifth cycle
of joint-3 and the first cycle of joint-4, as shown in Fig. 3
(f). The solved configuration is given by:

- g, =-35.6°,q, =78.4°,

q3 = _03 = _47.20 ) q4 = _94 = _45.50

1. Solving RIK of EAMA

Similarly, RIK of EAMA in EAST vacuum vessel
(VV) will also follow the procedure, which is the subject
of section Ill. The focus here is to solve the problem of
RIK (given the position of P,_;) with collision avoidance
for the 8-DOFs redundant manipulator EAMA in EAST
VV through the procedure in section 11.2.

I11.1. Structure of EAMA

EAMA, 8-DOFs light-weight flexible arm, adopts a
modular design. It is composed of five modules (7
rotation DOFs) and a displacement shutter (1 DOF).

Each module is equipped with a yaw joint that
provides rotational motion, except the last two modules,
which have both pitch and yaw joints, and these modules
are linked with a parallelogram structure that keeps the
yaw joint axis always vertical and the clevis horizontal.

This implies that auxiliary pitch joints Z,q and Zgg
always have the opposite rotation angles relative to pitch
joints Z, and Zg, respectively [12]. Fig. 5 presents the
cross-section of EAMA in EAST VV.

I111.2. Calculation of IFUN of EAMA

Considering the geometric characteristics of the EAST
VV, an approach called Obstacle Topology Partition
Projection (OTPP) was presented in [12] to calculate
legal motion ranges of a link in the EAST VV. The
OTPP divides the calculation into two situations: link in
the cylinder area and link in the conic area. In this study,
we calculate IFUN based on OTPP.

In order to simplify the calculation, each module of
EAMA is wrapped with oriented block boxes (OBBs), in
order to provide a hierarchical way of deciding if two
objects intersect [14].
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Figs. 3. (a) initial state of the planar robot (b) critical collision state_1 of link_3 (c) critical collision state_2 of link_3 (d) critical collision state_1 of
link_2 (e) critical collision state_2 of link_2 (f) solved configuration of the planar robot
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Fig. 4. Model and structure of EAMA
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Fig. 5. Cross-section of EAMA together with EAST
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Specifically, collision detection between objects is
simplified to the distance between the boxes. As
illustrated in Fig. 6, one module of EAMA consists of
three OBBs.

— clevis2

D

Fig. 6. OBBs of a module of EAMA

Finally, the flowchart of the calculation is illustrated
in Fig. 7.

Inputting coordinates of a
connection point P,

N\

|

[ Judging state of module-i ]

4

\ 4 _ \ 4

{ In cylinderarea] { In conic area J

y

Y

Legal ranges ofyaw‘
joint of module-i

Fig. 7. Flowchart of calculation of IFUN

111.3.  Solving EAMA’s Configuration

After the IFUNs of every module of EAMA are
obtained, steps 1 to 4 of the procedure described in
section-2.2 can be completed. The fifth step is to solve
the equations of the DH variables 0; and 6,. From a

geometric view, it is checked if the point I51 of the first

module (as shown in Fig. 2) is on the translational line,
which is named the “shuttle line”. The procedure for
solving EAMA’s RIK is summarized in Fig. 8.

Copyright © 2018 The Authors. Published by Praise Worthy Prize S.r.I.

654

Distributing values for two pitch
{_joints accordingto the 7 coordinate

Inputting position of P,
relative to base frame
Inputting coordinate of
current connection point
Judging state of
current module

[ In qlinderarea] [ In cvlinderarea]

¥

% 2 IFUN of the module
o B Follow principle: selecting
g- ;’ median value
Calculating coordinate of . -
m B
B 5 Inverse DH variable of yaw joint ]
Combining pitch joint variables
I
—— Coordinates of connection
Solutions of q; and qzexst? [<—|  Loint p, are obtained J

| ves
{Solutinnfnund J

l FailureJ

Fig. 8. Procedure for solving RIK of EAMA

1VV. Simulation

In order to test the accuracy and correctness of the
proposed algorithm for solving RIK of EAMA, six
hundred target points, treated as input of the algorithm
and shown in Fig. 9, are uniform random sampled in
EAST VV from the entrance to the farthest location, and
the methods for testing the two items are listed below.

Sampled target

pcintiin blue EASTVV

3
Sampled target
pointsin red

Fig. 9. Six hundred sampled target points in EAST VV (Only points in
blue represent tip positions that EAMA can reach without collision)

First, the accuracy is determined. A solved
configuration is substituted into Eq. (4) to get the
position of the end effector and further calculate the
deviation between the position and input of the
algorithm. Therefore, the accuracy can be evaluated as:

Accuracy =1-norm((P,—P,))/norm(R)  (12)

where Py is input of the algorithm and P, is the position
calculated through Eg. (4); “norm” represents the norm
operation of a vector. Second, the correctness is
calculated by checking the collision state and calculating
minimal distance between EAMA and its circumstance
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for a solved configuration through an open software
called RobWork [15]. Fig. 11 illustrates the results of the
accuracy among the sampled target points with which
collision-free configurations can be calculated and
obtained.

Fig. 12 shows the minimal distances between EAST
VV and EAMA under the solved configurations.
Coordinates of these points can be observed in Fig. 9 and
Fig. 10. Points in blue represent sampled target points
with a solution, and points in red denote positions that
EAMA cannot reach without collision.

Based on the results of simulation, accuracy and
collision avoidance are demonstrated.

Coordinates (mm)

Number of Sampling

Fig. 10. Coordinates of these sampled target points

Accuracy

Number of Sampling

Fig. 11. Accuracy of sampled target points with a solution exists

\ 6

400

Minimal Distance (mm)

‘20

Number of Sampling

Fig. 12. Minimal distance of sampled target points with solution exists

V.

A geometry-based algorithm for solving RIK of
manipulators with satisfaction of collision avoidance is
proposed and simulated. The key calculation of the
method is C-free space and IFUN. Taking an n-DOFs
manipulator for example, given a desired tip position or
pose, the algorithm first focuses on creating IFUNs of
each link and further explores among the n IFUNs based
on the principle of selecting median values preferentially
to get a solved configuration, which is far from the

Discussion and Conclusion
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environment. This method is efficient for solving RIK
and avoiding collisions in a known environment,
especially a tokamak-like environment.
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